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Although trigonometry is an important section in secondary school mathematics curricula, many teachers 
find it challenging to teach as a result of insufficient pedagogical content knowledge (PCK). Therefore, the 
aim of this article was to report on how PCK on trigonometry manifests itself in teachers' practice. This 
exploratory case study was underpinned by the mathematics knowledge for teaching (MKT) model of Hill 
et al. (2008). Twelve teachers were purposefully selected from six township schools. Qualitative data were 
collected through semi-structured one-on-one interviews, lesson plans, assessment tasks, and lesson 
observations; and analyzed using content analysis. The findings show that four elements of PCK on 
trigonometry manifest themselves in teachers‟ practice, namely knowledge of subject matter, knowledge 
of teaching strategies, knowledge of students‟ conceptions and knowledge of curriculum, but varied in 
levels of sufficiency. Awareness of these variances forms a useful basis for planning developmental 
opportunities that could address shortcomings in PCK on trigonometry in teachers‟ practice. This study 
adds to few studies in PCK in mathematics by providing empirical evidence on how PCK on trigonometry 
manifests itself in teachers‟ practice.     
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1. Introduction

Several researchers (Yang & Sianturi, 2017; Fiallo & Gutiérrez, 2017) have postulated that 
trigonometry is an important section in secondary school mathematics curricula because it links 
algebraic, geometric, and graphical reasoning; and is a precursor to calculus. Specifically, in South 
Africa, the context of this study, trigonometry is offered to students in the Further Education and 
Training (FET) phase and covers topics such as trigonometric ratios, reduction formulae, 
trigonometric identities, sine and cosine rules, trigonometric equations, double and compound 
angles, and trigonometric graphs (Department of Basic Education [DBE], 2011). Trigonometry 
comprises a large section of the grade 12 mathematics syllabus as it counts approximately 40 
marks in the second final examination paper of this grade (DBE, 2011). 
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Due to the prominence of trigonometry in the mathematics syllabus and its applicability in 
different fields such as teaching of conjecture and proof in school geometry (Fiallo & Gutiérrez, 
2017), it is important that teachers should have an all-inclusive understanding of trigonometry to 
be able to connect and present different trigonometrical concepts (Rittle-Johnson & Schneider, 
2014). In particular, teachers‟ pedagogical content knowledge (PCK) is a reliable predictor of what 
they know and actually do in the classroom (Keller et al., 2017). Similarly, Kleickmann et al. (2015) 
posit that PCK influences key aspects of teaching quality, such as student gains in understanding 
mathematics. PCK is an element of teacher knowledge that relates to specific sections that are 
taught in schools and is an ingredient of teacher competence. 

However, trigonometry is a section that teachers often find difficult to unpack for students to 
understand fully and consequently tend to oversimplify it to students (Sampaio Figueiredo & 
Batista, 2018). Specifically, in South Africa, some teachers‟ lack of appropriate depth in PCK 
contributes towards students‟ underachievement in certain mathematics sections such as 
trigonometry (Brijlall & Maharaj, 2014). Yet, mathematics researchers have not given sufficient 
attention to how the elements of PCK on trigonometry manifest itself in teachers‟ practice 
(Depaepe et al., 2013; Şimşek & Boz, 2016). 

Many scholars (Aydin et al., 2014; Campbell et al., 2014; Hill et al., 2008; Kleickmann et al., 2013; 
Loewenberg Ball et al., 2008) have studied teachers‟ PCK in terms of its elements such as 
knowledge of students‟ misconceptions, knowledge of content, and knowledge of the curriculum. 
The most prominent PCK model in the field of mathematics education is the mathematical 
knowledge for teaching (MKT) coined by Hill et al. (2008) that classifies teacher knowledge into 
two strands, namely subject matter knowledge and PCK. For this article, the focus is on the second 
strand, namely PCK. Unfortunately, the MKT model is a generic model that does not address 
topic-specific PCK in mathematics, such as trigonometry. 

Depaepe et al. (2013) reviewed 60 articles on how PCK is conceptualized in mathematics 
education research and identified six research lines: (1) the nature of teachers‟ PCK, (2) content 
knowledge (CK) versus PCK, (3) PCK and teaching practice, (4) PCK and mathematics 
performance, (5) PCK and personal attributes, and (6) PCK development of teachers. They asserted 
that both pre-service and in-service teachers‟ have PCK gaps in a variety of mathematics topics, 
such as functions, fractions, and problem solving. However, trigonometry was not among the 
mathematics sections that were investigated by researchers in the sampled articles. Şimşek and 
Boz (2016), in a meta-synthesis of mathematics PCK studies in Turkey, also found that 
trigonometry is a section not being investigated often within PCK studies. A study on PCK in 
mathematics in South Africa conducted by Brijlall and Maharaj (2014) ascertained that the quality 
of in-service teachers‟ PCK affects student performance in mathematics. They focused specifically 
on teachers‟ PCK on trigonometry, algebra, and calculus in low performing (LP) schools and found 
that teachers need PCK development on trigonometry. 

From the above studies, it is clear that research on in-service teachers‟ PCK to advance teaching 
sections such as trigonometry is limited. With this study, the intention is not only to contribute to 
research on topic-specific PCK in mathematics, but also to establish how PCK on trigonometry 
manifests itself in teachers‟ practice, which is the purpose of this paper. The authors amended the 
MKT model to investigate how the following elements of PCK on trigonometry manifested 
themselves in teachers‟ practice: (1) knowledge of subject matter (KSM), (2) knowledge of teaching 
strategies (KTS), (3) knowledge of students‟ conceptions (KSC), and (4) knowledge of the 
curriculum (KC). Awareness of variances in levels of sufficiency between these elements in 
teachers‟ practice, if any, could form a useful basis for planning developmental opportunities 
addressing such shortcomings in teachers‟ practice. 

1.1. Elements of PCK 

PCK as a construct was coined by Shulman (1986) in an attempt to establish that teaching is a 
profession. The way of recognizing the knowledge base of teaching lies at the convegence of the 
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CK and the teaching method. Shulman (1987) further argued that teachers must have the ability to 
change the subject content into structures that are understandable to their students. Thus, teachers 
need to develop PCK at an appropriate level to support students to succeed in their learning of 
trigonometry. 

Mishra and Koehler (2006) view PCK as an information base that is concerned about portraying 
and defining ideas, educational procedures, and information; what make these ideas problematic 
or simple to learn; and knowledge of students‟ former experiences with these ideas. Rollnick et al. 
(2008) add context to the blend of subject matter knowledge an pedagogy. Similarly, Kleickmann 
et al. (2015) view PCK as a dimension of teacher knowledge that is directly connected to the 
content topics taught within the school curriculum. However, all these different definitions can be 
traced back to Shulman's (1986) definition in that PCK is the special knowledge base that makes 
teaching a profession. 

The MKT model of Hill et al. (2008), used as the conceptual lens for this study, resulted from an 
extensive analysis of mathematics teaching practice, to modify and validate Shulman‟s concept of 
PCK empirically (Depaepe et al., 2013). Unfortunately, the MKT model was conceptualized for 
primary school teachers and underestimates the PCK development of high school teachers (Hauk 
et al., 2014; Speer et al., 2015). Nevertheless, Depaepe et al. (2013) consider the MKT model to be a 
more persuasive reconceptualization of the PCK of teachers within the mathematics education 
community since the inception of the PCK construct. Also, MKT relates to teachers‟ daily attempts 
to engage students in the learning of mathematics (Phelps & Howell, 2016) and therefore the 
author views this model as suitable to establish how PCK on trigonometry manifests itself in 
teachers‟ practice. 

The MKT model consists of two strands, namely subject matter knowledge and PCK, which are 
also foregrounded by Shulman (1987). Subject matter knowledge is further sub-divided into three 
sub-categories: (1) common CK; (2) specialized CK; and (3) horizon CK. In the context of this 
study, common CK is the mathematical knowledge possessed by a teacher with regard to the 
trigonometrical concepts. Specialized CK refers to the focused nature of trigonometrical 
knowledge in teachers‟ practice as opposed to the knowledge required by other professionals that 
uses trigonometry. Horizon CK is the awareness of how trigonometric concepts are connected 
from one grade to the next. 

The strand PCK in the MKT model, which is the focus of this study, is also sub-divided into 
three sub-categories (Hill et al., 2008). First, knowledge of content and students signifies to the 
teacher‟s capacity to foresee the trigonometrical concepts that will strike the students as easy, 
challenging, interesting or motivating (Carrillo-Yañez et al., 2018). However, for this study, 
knowledge of content and students were separated as KSM displayed by teachers in teaching 
trigonometry; and the knowledge of knowledge of students‟ conceptions and misconceptions 
(KSC). KSC refers specifically to teachers‟ understanding of how students learn particular sections 
such as trigonometry (Şahin et al., 2016). Secondly, knowledge of content and teaching denotes to 
teachers‟ knowledge of the ways of presenting trigonometrical concepts, principles, procedures, 
and relationships between these; and reasons for using them in order for students to comprehend 
(Şahin et al., 2016). For this study, knowledge of content and teaching was amended to knowledge 
of teaching strategies (KTS) applied in teaching trigonometry; and knowledge of students‟ 
conceptions and misconceptions (KSC). Lastly, KC, also adopted for this study, implies an 
awareness of the learning outcomes, subject content, teaching-and-learning activities, resources, 
and assessments to foreground in the teaching of trigonometry as specified in the mathematics 
curriculum. 

Thus, four elements of PCK for teachers adapted from the MKT model were adopted for this 
study: KSM; KTS; KSC; and KC. These four elements align well with the elements of the MKT 
model as discussed next. 
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1.2.1. Knowledge of Subject Matter 

KSM is a major pillar of the MKT model. KSM defines the depth of mathematics content a teacher 
possesses that will be transferred to students. For this study, KSM involves teachers‟ 
understanding of the trigonometrical concepts and the procedures of unpacking them for students 
to comprehend. 

Students‟ performance depends on the level at which the teacher comprehends the 
trigonometrical concepts, procedures, and formulae (Depaepe et al., 2013). According to Baumert 
et al. (2010), the breadth and depth of teachers‟ KSM determine the variety of teaching strategies 
and the types of alternative mathematical representations teachers will use in their teaching of a 
particular topic to students (Baumert et al., 2010) as well as how they will link topics across 
different grades (Walsh et al., 2017). Insufficient KSM reduces teachers‟ competence to clarify and 
represent mathematics content to students in a meaningful way or to offer students opportunities 
to effectively engage with mathematics content (Baumert et al., 2010). 

KSM is often claimed an important variable for PCK development and necessary for effective 
teaching. Specifically, teachers‟ understanding of trigonometry, knowledge of its structure and 
order of concepts, and possession of good conceptual and procedural knowledge are essential to 
steer students into the ways of knowing that trigonometry offers, whereas a lack of KSM can 
impede teachers‟ PCK development (Chan & Yung, 2018). Teachers‟ cannot teach what they do not 
know. Students can only learn trigonometry if teachers have a sound knowledge of the content 
they will be teaching. In particular, teachers‟ subject matter knowledge informs their strategies to 
use in their teaching of trigonometry. Ball (2000) also revealed that teachers only use different 
pedagogies in their teaching of specific mathematics topics if they have well-developed conceptual 
KSM. The comprehension of basic subject matter concepts by teachers depends on teachers‟ 
instruction experiences supported by well-designed professional development programs (Aydin et 
al., 2014). Consequently, KSM serves as a tool for teachers to teach trigonometry and, in turn, 
successful teaching depends on teachers‟ level of PCK on trigonometry regarding KSM. 

1.2.2. Knowledge of Teaching Strategies 

KTS relates to knowledge of content and teaching in the MKT model and refers to knowledge of 
different methods to teach and unpack mathematical content (Chick & Beswick, 2018; Şahin et al., 
2016). For this study, KTS involved the techniques that teachers used in their teaching as they 
described, demonstrated, and unpacked the trigonometric concepts for comprehension by 
students. 

O‟Meara et al. (2017) argue that ineffective teaching strategies utilizing memorization and 
focusing on procedural skills with no thought for conceptual understanding are challenging to 
change. Therefore, teachers must know which teaching strategies contribute to students' 
understanding of how and why certain steps are taken to solve a trigonometry problem 
(Goodnough et al., 2019). The teaching of trigonometry content must flow logically for students to 
comprehend the concepts. Holtman et al. (2018) recommend that teachers should use student-
centered strategies to ensure conceptual understanding of mathematics by students. In addition, 
both Law et al. (2015) and Mutodi and Ngirande (2014) agree that exposing students to the real-life 
applications of a mathematics topic like trigonometry enhances students‟ conceptual 
understanding. 

According to Wong et al. (2012) by using real-life examples, teachers are not only advancing 
students‟ critical thinking skills, but are also developing their own higher order knowledge. 
Although trigonometry may not have explicit applications in solving practical problems, it is 
widely used in engineering, architecture, music, and industry to describe the relationship between 
angles and lengths of triangles. For example, trigonometry is often used to determine angles of 
elevation for heights of buildings, angles of depression for depths of underground systems, or roof 
inclination. Trigonometry also plays a major role in flight engineering to navigate planes using 
sine, cosine or area rules, and in the music production where sound waves are displayed 
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graphically by sine and cosine functions. To introduce real-life examples into the teaching of 
trigonometry, Gould and Schmidt (2010) suggested that students be asked to design simulated 
word problems about real-life situations and apply trigonometric functions to solve them. Gerhana 
et al. (2017) added that project-based learning utilizing group work to investigate real-life 
problems, which align with the requirements of the curriculum and may be interdisciplinary, is an 
effective strategy to teach trigonometry. Another method to make trigonometry meaningful, 
according to Carson (2017), is to review the history on discoveries on measurement of chords in 
circles and properties of triangles, and then map that with trigonometric content prescribed in the 
curriculum. Nevertheless these examples, teachers need to select teaching strategies appropriate 
for the content they will teach to ensure maximum learning by students, but also to develop KTS. 

1.2.3. Knowledge of Student Conceptions 

KSC relates to knowledge of content and students in the MKT model and refers to teachers' 
understanding of how students learn mathematics (Hill et al., 2008; Şahin et al., 2016). KSC also 
encompasses the mistakes and misconceptions that usually arise in the process of teaching 
trigonometry (Goodnough et al., 2019). For this study, KSC connects students‟ conceptions about 
trigonometry to the way subject content is unpacked to the students. 

Teachers must identify what students think about certain trigonometrical concepts and what 
might lead students to being confused with the content (Appova & Taylor 2020) when planning 
lessons. Therefore, it is important for teachers to reflect during lesson planning for action during 
teaching by connecting the lesson plan with the intended goal of the lesson (Olteanu, 2017). 
Furthermore, teachers who have good KSC are able to identify students‟ misconceptions, which is 
key for effective mathematics teaching (Wilson et al., 2005). However, due to minimum contact 
time in the classroom, many teachers just glance at students‟ work without allowing them to get a 
full picture of the effects of their teaching on students‟ comprehension of trigonometry. To develop 
KSC, it is therefore imperative for teachers to set time aside to reflect on their students‟ ways of 
thinking and learning difficulties; and purposively elicit students‟ prior knowledge about 
trigonometry. 

1.2.4. Knowledge of Curriculum 

KC is an element of the MKT model that merges knowledge about mathematics content with that 
of the curriculum. Thus, KC indicates a teacher‟s view of trigonometry relative to the entire 
mathematics curriculum. However, teachers‟ views towards teaching and learning of mathematics 
can impede their understanding of the curriculum if they are not aligned with the framing of the 
curriculum (Chapman, 2012). Thus, teachers should have KC that are in harmony with the goals of 
the curriculum and should have knowledge of relevant resources; and how to sequence 
trigonometry concepts across the grade and the various topics (Appova & Taylor, 2020) to ensure 
effective teaching of trigonometry. Hence, for this study, KC refers to teachers‟ understanding of 
the entire mathematics curriculum as it relates to trigonometry; and the mastery of the materials 
and programs associated with the curriculum. The curriculum informs teachers of the content to 
be taught at each level, and, consequently, teachers must have KC to be able to unpack the content 
prescribed in the curriculum for students (Ogbonnaya & Mogari, 2014). In South Africa, teachers 
must know the trigonometrical concepts covered within the particular phase, but also the 
specifications of the Curriculum and Assessment Policy Statements (CAPS) document (DBE, 2011) 
about the topic. The CAPS document determines the depth and breadth with regard to the 
concepts that must be covered in each grade. 

1.3. Research Question 

As trigonometry is an important section in secondary school mathematics curricula and teachers 
need well-developed PCK to teach it, but research in this area is limited, the following research 
question was formulated: How does PCK on trigonometry manifest itself in teachers‟ practice? The 
following sub-questions informed the research question: 
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 What are teachers‟ perceptions of the elements of PCK required for effective teaching of 
trigonometry? 

 What elements of PCK manifest in teachers‟ lesson plans on trigonometry? 

 What elements of PCK manifest during teaching of trigonometry? 

 What elements of PCK manifest in teachers‟ assessment tasks on trigonometry? 

2. Research Methodology 

This study adopted an exploratory qualitative case study. Although the data collected were 
qualitative in order to draw conclusions, some qualitative data were also quantified (Lee et al., 
2019) to strengthen the categorization of the elements of PCK pertaining to the level of alignment 
with the MKT model. Six township secondary schools in the Ekurhuleni North District in Gauteng 
Province of South Africa consisting of both high and LP schools were purposively selected. A 
township is considered as a residential area comprising low cost formal houses and informal 
settlements where residents are black, schools are non-fee paying, and students are given free 
lunch (Krause & Prinsloo, 2016). High performing (HP) schools obtained an average pass rate of 
above 80% in grade 12 mathematics, while LP schools had an average pass rate of below 60% for 
four consecutive years. All six schools were government public schools with both boys and girls. 
Two teachers per school, thus twelve teachers in total, were purposively selected based on the 
following criteria: Easy access; availability; voluntarily participation; and teaching FET 
mathematics for at least three consecutive years. 

The participants‟ teaching experience ranged from 4 to 34 years, and their qualifications varied 
from teachers‟ diplomas (four teachers), B Ed degrees (seven teachers), and master‟s degrees (one 
teacher). There were seven male teachers and five female teachers. 

2.1. Data Collection Tools 

Data were collected by means of interviews, documents (lesson plans and assessment tasks), and 
lesson observations. Semi-structured one-on-one interviews were conducted to identify the 
participants‟ perceptions about the elements of PCK on trigonometry. The interview questions 
included questions about KSM, KTS, KSC, and KC. The interviews took place on the same day, but 
prior to the lesson observation, and were audio recorded and transcribed. All twelve participants 
were interviewed. 

Twenty-four lesson plans (two from each participant of the lessons observed) were used to 
establish the elements of PCK that were manifested in the lesson plans on trigonometry. The 
participants were expected to use the prescribed template of the DBE to design their lessons, which 
includes the following aspects: (1) the aim of the lesson; (2) skills and knowledge to acquire; (3) 
forms and tools for assessment; (4) the learning context focusing on prior knowledge and 
differentiation; (5) resources; (6) teaching strategies; and (7) opportunities for reflection. Although 
the lesson plan template does not pertinently make provision for teachers to reflect on possible 
misconceptions, it expects that teachers should include accommodations and/or modifications to 
ensure inclusion of all students.  

The participants were requested to design any two consecutive lessons focusing on 
trigonometry in the FET phase (grades 10-12). As participation was voluntarily and lesson 
observations had to be scheduled according to various schools‟ programs, the lesson plans did not 
focus on the same trigonometry topics, but the topics were according to those prescribed in the 
CAPS document. The progression in terms of contents also varied from school to school. The 
lesson plans were submitted after the lesson observations and retyped.  

Non-participant lesson observations using a lesson observation protocol were used to ascertain 
the level of sufficiency of PCK that manifests itself during the teaching of trigonometry. The lesson 
observation took place from May to August at schools during teaching periods of 40-55 minutes. 
The lesson observation protocol assisted the researcher to capture the participants‟ engagement in 
teaching with minimum interference. The focus of the lessons observed is displayed in Table 1. 
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Table 1 
Lesson Observation Schedule 

 
Twenty-four assessment tasks (two from each participant) in the form of classwork and 

homework given to the students were analyzed. The aim was to identify the elements of PCK 
present in the participants‟ assessment tasks on trigonometry. 

To ensure credibility and rigorousness, triangulation and member checking were employed. 
The data were collected using multiple data sources such as one-on-one interviews, lesson 
observations, and documents to verify findings. 

School Participant Date of observation Grade Focus of lesson 

1 

1A 22 July 12 Proof and use of the compound angle identities 

1A 23 July 12 Proof and use of the double angle identities 

1B 22 July 11 
Derive and use the identities: 

       
     

     
 and sin2 θ + sin2 θ = 1 

1B 23 July 11 Derive the reduction formulae 

2 

2A 16 August 12 Proof and use of the compound angle identities 

2A 16 August 12 Proof and use of the double angle identities 

2B 16 August 11        
     

     
 

Derive and use the identities: 

2B 18 August 11 
Derive and use the identities: 
sin2 θ + sin2 θ = 1 

3 

3A 31 July 10 
Definitions of the trigonometric ratios sin θ, cos θ 
and tan θ in a right-angled triangles 

3A 2 August 0 
Extend the definitions of sin θ, cos θ and tan θ to 
0o ≤ θ ≤ 360 

3B 31 July 11 
 Derive and use the identities:  

       
     

      
 and sin2 θ + sin2 θ = 1 

3B 2 August 11 Derive the reduction formulae 

4 

4A 24 May 11 
 Derive and use the identities: 

       
     

     
 and sin2 θ + sin2 θ = 1 

4A 28 May 11 Derive the reduction formulae 

4B 24 May 12 Proof and use of the compound angle identities 

4B 28 May 12 Proof and use of the double angle identities 

5 

5A 17 July 10 
Definitions of the trigonometric ratios sin θ, cos θ 
and tan θ in a right-angled triangles 

5A 19 July 10 
Extend the definitions of sin θ, cos θ and tan θ to 
0o ≤ θ ≤ 360o 

5B 17 July 11 
 Derive and use the identities: 

       
     

     
 and sin2 θ + sin2 θ = 1 

5B 19 July 11 Derive the reduction formulae 

5C 17 July 10 
Definitions of the trigonometric ratios sin θ, cos θ 
and tan θ in a right-angled triangles 

5C 19 July 10 
Extend the definitions of sin θ, cos θ and tan θ to 
0o ≤ θ ≤ 360o 

6 
6A 23 July 11 

 Derive and use the identities: 

       
     

     
 and sin2 θ + sin2 θ = 1 

6A 30 July 11 Derive the reduction formulae 
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The author and a research assistant first coded the data independently, where after the codes 
and the interpretation of the data were compared for agreement to minimize subjectivity. The 
percentage of exact agreement was established at 84%, which revealed an acceptable interrater 
reliability. 

A rich and thick report of the study (Merriam & Tisdell, 2015), descriptions of demographics 
and geographic boundaries of the research, and how data were collected and analyzed were 
provided to replicate or amend the study to similar contexts. Direct quotations from the data were 
used to confirm that findings are based on the participants' narratives. Findings were also 
controlled against literature. To ensure confirmability, the researcher disclosed the research 
process and the limitations, and fulfilled the ethical requirements (Rule & Vaughn, 2011). The 
authors‟ influences and bias on the findings of the study as researchers were also revealed. Ethical 
clearance was granted by the ethics committee of the university overseeing the study (Ethical 
clearance number 2017-098) and the Gauteng Department of Education, and ethical measures were 
adhered to. 

2.2. Data Analysis 

The data collected from the four data sources were analyzed using content analysis. Content 
analysis is a technique to categorize written or oral materials into identified groupings of similar 
meanings (Cho & Lee, 2014). Five steps were followed to conduct content analysis. First, based on 
each of the sub-research questions, the data collection instruments were identified, namely (1) 
interviews; (2) lesson plans (documents); (3) lesson observation notes; (4) assessment activities 
(documents). The interviews were audio-recorded and transcribed. Secondly, the data collected 
from interview transcripts, observation notes, and documents were carefully read to obtain a 
holistic overview. The data were reread to establish relevant data. Redundant information was 
removed after consensus had been reached between the author and a research assistant. Together, 
individual words and phrases were inductively coded and their frequency was recorded as 
illustrated in Tables 2-5. Thirdly, these codes were grouped in sub-categories according to units of 
meaning. Fourthly, the sub-categories were organized into predefined categories derived from the 
MKT model, which informs the study, namely the four elements of PCK: KSM, KTS, KSC, and KC. 
This type of coding to analyze the elements‟ properties and to discover how they related to each 
other (Saldana, 2013) is also known as axial coding. Lastly, after completion of coding, the 
collected data were scrutinized to establish patterns and to make inferences in response to the sub-
research questions. A cross-case analysis was done, which is an analysis to determine whether 
there are any common features among the elements of PCK manifested in teachers‟ practice (Cho 
& Lee, 2014). 

Data were analyzed in four phases. Phase 1 consisted of the analysis of the interviews, Phase 2 
comprised the analysis of the lesson plans, Phase 3 focused on the analysis of the lesson 
observations, and Phase 4 concerned the analysis of the assessment tasks. For each phase, the 
authors created summary tables of the four elements of PCK transpired from each of the data 
collection instruments. Each table indicates the subcategories, codes, and frequencies of the 
occurrences of each code for the schools. 

3. Results 

The results from the analysis of the data collected from the interviews conducted during Phase 1 to 
establish teachers‟ perceptions of the elements of PCK required for effective teaching of 
trigonometry are illustrated according to the four elements of PCK in Table 2. The letter f indicates 
the frequency reference was made to a concept that was taught in a lesson, while the letter n 
indicates the number of participants (out of 12), who indicated that they will teach the 
corresponding concept. For example, there were seven responses to identities in total, which were 
made by four out of the twelve participants.  
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Table 2 
Data Analysis of the Interviews according to the Four Elements of PCK 
Category 
(Elements of 
PCK) 

Sub-categories Codes 
Frequency of 
occurrence 

(f) 

Number of 
participants 

n = 12 

KSM 

Key concepts 

Identities 7 4 

Reduction formula 7 7 

Equations 5 3 

Ratios 5 5 

Graphs 0 0 

Concept map Explanation 24 12 

Procedural 
knowledge 

Involved 22 11 

Not involved 2 1 

Sub-total of f 72  

KTS 

Teaching 
strategy 

Teacher-centered 8 4 

Less teacher-centered 16 8 

Reason for 
selecting 
strategy 

Involve students 16 8 

Help students remember 8 4 

Real-life 
example 

Practical examples 1 1 

Non-practical examples 11 11 

Sub-total of f 60  

KSC 

Goal of lesson Clearly stated 24 12 

Prior knowledge 

Ratios 10 5 

Equations 2 1 

Cartesian plane 12 6 

Student 
misconceptions 

Misconceptions indicated 7 3 

Misconceptions not indicated 18 9 

Assistance to 
students with 
difficulties 

Extra classes 18 9 

Re-explaining misunderstood 
concepts 

4 5 

 Use clever students 2 2 

Assessment 
tasks 

Past examination papers 6 5 

Classwork and homework 24 12 

Sub-total of f 126  

KC 

Link with other 
topics 

Coordinate geometry 18 9 

Euclidean geometry 6 3 

Algebra 2 1 

Use of real-life 
examples 

Use practical examples 4 2 

No practical examples 20 10 

Sub-total of f 50  

Grand total of f 308  

 
KSM involved the participants‟ understanding of the trigonometrical concepts and the 

procedures of unpacking them for the comprehension of the students. KTS involved the 
approaches and techniques that participants used in their teaching as they had described, 
demonstrated, and unpacked the trigonometric concepts for the maximum comprehension of the 
students. KSC involved the participants‟ understanding of the students‟ prior knowledge, the 
mistakes or misconceptions, and students‟ learning difficulties about trigonometry. KC referred to 
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the participants‟ understanding of the full range of mathematical topics that are included at the 
FET phase and how they are connected to trigonometry. 

Table 3 presents a summary of the results of the analysis of the data collected through the 
lesson plans during Phase 2 to identify the elements of PCK as manifested in teachers‟ lesson plans 
on trigonometry. The first column indicates the categories, namely the elements of PCK. The 
second column indicates the sub-categories for each of the elements of PCK. The sub-categories 
were taken from the questions corresponding to each PCK element. The total number of lesson 
plans obtained from the participants was 24. The last column indicates the sum of the number of 
lessons indicating sub-categories of the elements of PCK. 

Table 3 
Data Analysis of Lesson Plans according to Four Elements of PCK 
Category 
(Elements of 
PCK) 

Sub-categories 
Total number of lesson plans 

n = 24 

 KSM 

Key concepts indication 22 

Indication of procedures 22 

Reflection of concepts and procedures 24 

KTS 

Teaching strategy 24 

Reflection of alternative strategy 18 

Indication of examples 16 

KSC 

Reflection on misconceptions 4 

Reflection on prior knowledge 18 

Reflection on student difficulties 0 

Indication of assessment task 22 

Goal clearly stated 24 

KC 
Link with other topics 24 

Fits trigonometry into curriculum 0 

 
KSM was identified in terms of trigonometrical concepts and procedures for teaching the 

concepts evident in lesson plans. KTS was demonstrated in terms of the clarity and specificity of 
the teaching strategy to be used for the lesson. KSC was identified by participants‟ notes in their 
lesson plans of possible misconceptions in trigonometry and ways to eliminate the misconceptions. 
KC was evident in linking trigonometry with other topics and fitting trigonometry into the 
curriculum. 

Table 4 displays a summary of the results of the analysis of data obtained through the lesson 
observations made for Phase 3 to ascertain the elements of PCK as manifested during their 
teaching of trigonometry. The sub-categories are phrases that were extracted from the observable 
practices and are displayed in the second column of the table. The number of observed lessons in 
which the sub-category was observed is indicated with n0. The number (n) gives the number of 
participants who displayed the sub-category. 
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Table 4 
Data Analysis of the Lesson Observation according to the Four Elements of PCK 
Category 
(Elements of PCK) 

Sub-category 
Observed lessons 

n0 = 12 
Participants 

n = 12 

KSM 

Conceptual understanding 18 9 

Fundamental concepts 20 10 

Skillfully solves problems 14 7 

Notices students‟ alternative methods 2 1 

KTS 

Uses appropriate activities 24 12 

Uses real-life examples 0 0 

Uses different strategies 10 5 

Students share knowledge 24 12 

KSC 

Addresses misconceptions 4 2 

Displays expectations according to 
students‟ performance 

4 2 

Discusses students‟ ways of thinking 4 2 

Awareness of assessment task 24 12 

KC 

Connects trigonometry with other 
topics 

14 7 

Fits trigonometry into curriculum 10 5 

Links trigonometry vertically 24 12 

 
KSM was manifested if participants exhibited a deep and thorough conceptual understanding 

of identified aspects of trigonometry. KTS involved knowing about the approaches for teaching 
trigonometrical concepts. KSC involved participants‟ understanding of students‟ prior knowledge, 
mistakes or misconceptions, and students‟ learning difficulties about trigonometry. KC referred to 
the participants‟ knowledge about the horizontal and vertical curricula of trigonometry. 

Table 5 represents the results of the analysis of the data gathered from the assessment tasks 
according to the four elements of PCK during Phase 4 to detect the elements of PCK as manifested  

Table 5 
Data Analysis of the Assessment Tasks according to the Four Elements of PCK  
Elements of 
PCK 

Assessment 
tasks 

Sub-categories 
Assessments 

na = 24 
Participants 

n = 12 

KSM 

Classwork 

Key concepts 24 12 

Reflection of accurate trigonometry 
concepts 

24 12 

Homework 
Key concepts 24 12 

Reflection of accurate trigonometry 
concepts 

24 12 

KTS 

Classwork 
Use of appropriate activities 24 12 

Use of real-life related tasks 0 0 

Homework 
Use of appropriate activities 24 12 

Uses real-life related tasks 0 0 

KSC 
Classwork Knowledge of student difficulties 8 4 

Homework Knowledge of student difficulties 10 5 

KC 

Classwork 
Links trigonometry vertically 24 12 

Use of real- life tasks 0 0 

Homework 
Links trigonometry vertically 24 12 

Use of real-life related tasks 0 0 
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in teachers‟ assessment tasks on trigonometry. The first column contains the elements of PCK, the 
second column indicates the assessment tasks, and the third column indicates the sub-categories. 
The last columns represent the number of assessment tasks (na) and the number of participants (n) 
who made reference to the specific sub-category. 

The results from the analysis of the data displayed in Tables 2-5 are discussed next. Each of the 
sub-questions is addressed according to the four categories considered for this study, namely 
KSM, KTS, KSC, and KC. 

3.1. Teachers’ Perceptions of the Elements of PCK required for Effective Teaching of 
Trigonometry 

All the participants indicated some of the key concepts for the lessons they were going to teach, for 
example, trigonometric equations, reduction formulae, compound and double angle formulae, and 
trigonometric ratios. Participant 2A stated: 

The key concepts are reduction formulae; double angle formula; trigonometric ratios. 

Participant 5A agreed: 

The key concepts are Theorem of Pythagoras, Cartesian plane, and trigonometric ratios, reduction 
formulae and complimentary angles.  

The reason why the participants could indicate the key concepts of FET trigonometry may be 
that mathematics teachers are familiar with the concepts. 

All the participants gave the sequence of the concepts in the form of an explanation. Two 
participants specifically referred to concept maps: 

The concept map will be trying to show students if there is any connection or linkage from 
compound identities to double identities. (Participant 1A) 

Eh…eeh Sir, drawing a concept map, I will just give you the order of concepts. (Participant 4B) 

However, the participants‟ understanding of a concept map is of a linear order of how the 
concepts will be tackled. According to Plotz (2020), a concept map is a network of the hierarchical 
connectedness between various concepts displaying different associations between these concepts. 
The participants could not explain the relationship between trigonometric concepts, which could 
imply that participants‟ perceptions of KSM with regards to the concept map of FET trigonometry 
are partly sufficient. 

Nevertheless, most participants (11 out of 12) showed knowledge of procedures by referring to 
processes and algorithms of tackling trigonometrical problems. Participant 5C stated: 

Yes, the students need to know the formulae, which is the „trig‟ ratios. The procedure involves 
writing the ratio first, substituting correct values and then using the calculator to get the final 
answer. 

Therefore, it can be inferred that that participants‟ perceptions of KSM for effective teaching of 
trigonometry are sufficient as they perceive the subject content for effective teaching of 
trigonometry in accordance to the requirements of the CAPS document (DBE, 2011). 

While most of the participants from the HP schools preferred using student-centered teaching 
strategies, many participants from the LP schools preferred using teacher-centered teaching 
strategies. Regarding to the reason for selecting a teaching strategy, five participants from the HP 
schools based their strategy selection on the possibility of involving the students during the 
learning process. Participant 3B stated: 

I want students to be involved in the development of the concepts. Because most of these concepts 
were covered in grade 10.  

However, three participants from the LP schools based their selection on the possibility of 
helping the students to remember the covered content. Participant 5B stated: 

I think this strategy will be best, to show the students that the concepts they are learning in 
trigonometry are linked. I think if students discover on their own, they can easily remember the 
concepts. 
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This finding is consistent with the findings of Lovitt and Clarke (2011), who indicated that some 
of the features of effective mathematics teaching includes active involvement of the students in the 
learning process. This finding could indicate that teachers‟ perceptions of KTS to use for effective 
teaching of trigonometry are partially as they still need to be encouraged to use more student-
centred approaches than teacher-centred approaches. 
All the participants were able to state the goals of the lessons they were going to teach and 
indicated the pivotal role of having a goal for each of their lessons. Participant 5B claimed: 

After the lesson my aim is that the students may be able to remember and use the two major 
trigonometric identities. 

Some participants were able to identify concepts which they would use as prior knowledge for 
the lessons they were going to teach. Identification of students‟ prior knowledge by teachers could 
be a factor that influences effective teaching of trigonometry. 
Only three participants could anticipate possible misconceptions students may have during their 
lessons: 

There is the double identity cos 2x which from my years of teaching I have seen that students tend to 
confuse the two. Some students think that        =            , which they confuse with the 
square identity. (Participant 1A) 

Concerning the compound angle formula, the misconceptions I have encountered with previous 
students could be something like:                and also                    . These two 
statements are based on misconceptions, first                the misconception is that of 
considering coefficient of the sin function as the coefficient of angle A. (Participant 2A)  

Probably students can write       
     

     
. Haa… that‟s what I can think of for now. The 

misconception is having a negative on the numerator and a negative on the denominator. They 
forget that a negative number divided by a negative number gives a positive number. (Participant 
5A) 

This finding reveals that many teachers create solutions to mathematical problems without 
understanding the reason for students‟ misconceptions, which may suggest that teachers‟ 
perceptions of KSC required for effective teaching of trigonometry are partly sufficient. 

Most participants linked trigonometry with other mathematics topics. Nine participants 
indicated that they link trigonometry to coordinate geometry and three participants indicated that 
they link trigonometry to Euclidean geometry, while one participant linked trigonometry to 
algebra. Participant 4A mentioned: 

I can link this particular topic with topics like Euclidean geometry and also the theorem which say 
“line from center to midpoint of chord.  

Unfortunately, the connection of trigonometry with real-life related examples were hardly 
mentioned. According to participant 2A:  

This area does not have readily available real-life examples which can make students appreciate the 
topic. Therefore, I will not make use of real-life examples.  

Also, no mention was made of connections between different topics or with other subjects such 
as physical sciences. This finding is consistent with Danişman and Tanişli (2017) revealing that the 
participants in their study were not cognizant of the distribution of topics such as probability 
across different grades or in other subjects. This finding may suggest that teachers‟ perceptions of 
KC for effective teaching of trigonometry are insufficient. 

3.2. Elements of PCK as Manifested in Teachers’ Lesson Plans on Trigonometry 

Lesson planning is a major task for teachers, which they do as they transform the curriculum and 
the institutional expectations into practical tasks for the classroom (Tanni, 2012). Prescott et al. 
(2013) indicated that PCK can be disclosed by the use of lesson plans, because they summarise the 
trigonometrical content and tasks of the entire lesson in a perfect way. 
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KSM is evident in lesson plans if the main ideas of trigonometry that are intended to be 
mastered by the students are included. Most of the lesson plans (22 of 24) had clear indications of 
the key concepts, for example, in lesson 1 of participant 3B “Derivation and use of the reduction 
formulae for 1800 ± θ and 3600 ± θ” are indicated in the lesson objectives, while the key concepts as 
indicated in the lesson objectives of lesson plan 2 of participant 2 are “use of special angles to 
calculate values of trigonometric ratios”, and “derivation of the quotient and square identity”. This 
finding might be an indication that most teachers use the CAPS document closely in their teaching 
(DBE, 2011), as the key trigonometric concepts in the lesson plans align with those stated in the 
CAPS document. 

Most lesson plans (22 out of 24) included procedural knowledge, thus the knowledge of 
processes, and algorithms to tackle a trigonometrical problem. Participant 3B, for example, 
indicated procedures to follow in the main body of his first lesson plan, such as “use their 
calculators”, “what they notice” and “how the angles are related” and a “summary on a Cartesian 
plane”. This finding aligns with Mutton et al. (2011) claiming that pre-service teachers follow a 
prescribed format because they lack the experiential knowledge, while Shaw (2017) found that 
some experienced teachers do mental planning instead of written planning and prefer doing lesson 
plans which suit them instead of following a prescribed format. The findings could indicate that 
teachers appreciate the centrality of the lesson planning process and that a lesson plan is a core 
pillar of their teaching practice, which they believe defines good teaching. As the analysis of the 
lesson plans showed that most lesson plans include aspects of KSM such as key concepts and 
procedures, it can be deduced that sufficient KSM manifests itself in teachers‟ lesson plans on 
trigonometry. 

All 24 lesson plans included lecturing as main teaching strategy. However, only 18 of these 
lesson plans included alternative strategies such as question and answer, teacher/student 
discussion and group work. In addition, 16 of the lessons included examples to explain the 
trigonometrical concepts. Leinhardt (2001) acknowledged that good teaching and sound 
conceptual explanations are grounded on the use of examples. This finding may indicate that 
partly sufficient KTS manifests itself in teachers‟ lesson plans on trigonometry. 

Only two lesson plans displayed reflections on misconceptions. Addressing a possible 
misconception by including a task whereby students will substitute different angles into  
            and               separately is evident in a question taken from lesson plan 2 of 
participant 2B as illustrated in Figure 1. 

Figure 1 
Reflection on Misconceptions in Extract of Lesson Plan 2 of Participant 2B 

Question: Chose any 10 pairs of angles, where one angle is for A and the other angle is for B. 
Substitute the angles into             and               and record your results. 
After few minutes, the teacher will ask the students their observations. 

 
Participant 4A avoided a misconception in one of the examples he used in his lesson plan 1 as 

illustrated in Figure 2. 
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Figure 2 
Reflection on Misconceptions in Extract of Lesson Plan 1 of Participant 4A 
Example 1 
                      
         [             ]  
Note it is everything squared 
              
    

 
A possible misconception could be that students would write             , which implies 

that it was the angle which was squared. Therefore, the inclusion of the statement “everything 
squared” clears the possible misconception. The finding that the lesson plans did not reveal major 
evidence of reflections on possible students‟ misconceptions is consistent with Halim and Mohd 
Meerah (2002) revealing that some pre-service teachers in their sample also showed unawareness 
of the students‟ misconceptions. A reason why many teachers do not reflect on misconceptions 
when planning trigonometry lessons could be that they are lacking knowledge of misconceptions 
in trigonometry or they view misconceptions as normal mistakes that students make. Another 
reason may be that the prescribed template does not explicitly make provision for teachers to 
reflect on possible misconceptions. 

Nevertheless, many lesson plans (18 out of 24) showed traces of reflections on prior 
knowledge, which could assist students to connect known concepts with new ones. Lesson plan 1 
of participant 2A started by revising trigonometrical identities covered in grade 11 before giving 
the students the identities which would involve double and compound angles as shown in Figure 
3. 

Figure 3 
Reflection on Prior Knowledge in Extract of Lesson Plan 1 of Participant 2A 
Participant 2A lesson plan 1 for grade 12 

Introduction 
Revise the trigonometrical ratios which were covered in grade 11. Give the students trigonometry 
identities where they prove applying the grade 11 trigonometrical concepts. 

 
This finding is slightly different from Ramaligela et al. (2019), who revealed that the teachers in 

their sample introduced new content without establishing the prior knowledge. A reason could be 
that teachers are more comfortable with previous subject content at a lower level than new subject 
matter, and spend thus more time on revising that content. 

Although many lesson plans included reflections on prior knowledge, only few reflections of 
misconceptions were evident. Therefore, these findings may suggest that partly sufficient KSC 
manifests itself in teachers‟ lesson plans on trigonometry. According to Baki and Arslan (2017), 
effective mathematics teachers must be aware of possible student misconceptions and difficulties 
by starting at the lesson planning level of each topic they will be going to teach. Sadler and Sonnert 
(2016) also agreed that teachers with a sound PCK have the ability to identify students‟ most 
common difficulties and are more likely to increase their students‟ subject knowledge. 

All lesson plans linked trigonometry to other topics of the FET curriculum. For example, lesson 
plan 1 of participant 5B indicated that when proving trigonometrical identities, the algebraic 
concept of difference of two squares may be used as shown in Figure 4. 
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Figure 4 
Linking of Topics in Extract of Lesson Plan 1 of Participant 5B 
Teacher Activities 

Main Body 
Teacher remind the students about the difference of two squares which is usually used in algebra. 
Teacher to state to the students that in trigonometry like in other mathematics topics we use 
concepts from other topics. Difference of two squares can be used when dealing with the 
reduction formulae. 

 
However, none of the lessons showed how trigonometry fits into the curriculum. A reason 

may be that the participants did not consider the weightings outlined in the curriculum document 
at the stage of drafting lesson plans as these weightings do not play a role in designing single 
lesson plans, or that KC of the teachers with regards to lesson planning of trigonometry is 
fragmented. Thus, insufficient KC manifests itself in teachers‟ lesson plans on trigonometry. 
Nevertheless, sharing of information about the weighting of trigonometric topics could indicate to 
students the time needed to spend on trigonometry in their preparation for the final examination. 
This finding is inconsistent with Aydin et al. (2014) claiming that effective teaching involves 
teachers being aware of the sequencing of concepts and a rich repertoire of the horizontal and 
vertical connections. 

3.3. Elements of PCK as Manifested during Teaching of Trigonometry 

Conceptual understanding is a major component of effective teaching and refers to the knowledge 
of trigonometrical concepts and their connections (Rittle-Johnson & Schneider, 2014). Most 
participants (10 out of 12) displayed a good understanding of the trigonometric concepts by 
transforming the content and making concepts comprehensible to the students during 
observations as evident by participant 2B in Vignette 1 as he explained the solution for question 2c. 

Vignette 1 
Observation of Conceptual Understanding of Participant 2B 

Question 2c: If       
√ 

 
   and              . Find     .  

Student 1: Sir, can you please explain 2c from the homework. I was able to find the value of x as -2. But I 
could not find      

Participant 2B: In which quadrant is α? Why? 
Student 2: It is in the first quadrant, because 2α is in the second quadrant. 
Participant 2B: Exactly. The information which we have is for 2α, that is to say the x, y and r values 
correspond to 2α and not to α. Therefore, in this case is the following: 

                   
 

 
 

          
 

 
  

then solve for it to finally get  

             √
 

 
   

 

However, participants 4B and 5A had a few moments where they tried to explain the concepts, 
but without any success. For example, participant 5A just repeated the same explanations even 
after the students had indicated that they were not understanding. At the end, she indicated that 
another example would be given in the following lesson. 

Nevertheless, most participants (10 out of 12) had a good understanding of the fundamental 
concepts of trigonometry. Participant 1B could identify critical mathematical components within 
trigonometry that are fundamental for understanding the concepts, such as the reciprocal 
relationship of the trigonometric ratios, for example, that cosec θ is the reciprocal of sin θ. The 
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understanding of the fundamental trigonometric concepts by teachers may be a result of their 
teaching experience, which is supported by well-constructed teacher training programs (Aydin et 
al., 2014). 

Only one participant, namely participant 3B did not really explain concepts, which made it 
difficult to establish her knowledge in this regard. A reason could be that he depends mainly on 
the worked examples in the textbooks and memoranda of past examination question papers. 
Another reason could be that he was not used to teach with someone observing the lesson or that 
he mainly focuses on using well-defined procedures when tackling mathematical problems. 
Nevertheless, most participants displayed evidence of conceptual understanding and knowledge 
of fundamental concepts, which may indicate that sufficient KSM manifests itself during teaching 
of trigonometry. 

Using appropriate activities refers to teachers‟ awareness of the trigonometrical concepts that 
are covered at different grades and their cognizance of the requirements according to the CAPS 
document (DBE, 2011). During the lesson observations, it was observed that all participants used 
appropriate trigonometric tasks from the school textbooks and past examination question papers, 
which were consistent with the CAPS assessment guidelines (DBE, 2011). This finding is in 
agreement with Wong et al. (2012), arguing that teachers should be able to select activities from 
appropriate resources, and may indicate that teachers are aware of the relevant trigonometric 
activities for the grades that they are teaching as they make good use of relevant resources. 

However, only one participant could notice students‟ alternative methods, which refers to the 
participants‟ awareness and acceptance of the other methods which the students will come up with 
to solve the problems. Participant 3B noticed an alternative method from a student and she 
confirmed that it was correct and this made the contributing student felt valued as displayed in 
Vignette 2. 

Vignette 2 
Noticing Alternative Methods by Participant 3B 

Question: Given that        √  determine        in terms of t. 

Participant 3B: How do we proceed to answer this question? 
Students: We use Pythagoras 

Participant 3B:Yes, writing on the white board    (√ )
 
    

Participant 3B: Solving for    what do we get? 

Student 1: We get   √    , which gives        √    
Alternative method 

Student 2: Ma‟am I worked it differently and I got the same answer. 
Participant 3B: Interesting! How did you do it? 
Student 2: We know that                

            Therefore                   

               This gives (√  )
 
           

                               We then get           

                              Which gives      √    
Participant 3B:    Well done, please clap hands for him. This is another method you can use. 

 
According to Aydin et al. (2014), it is common that some teachers use only one method to avoid 

sharing the responsibility of constructing ideas with their students. However, Baumert et al. (2010) 
indicated that the breadth and depth of a teacher‟s conceptual understanding shape alternative 
representations and explanations, which result in the use of alternative measures. 

In addition, none of the participants used real-life activities during the observed lessons. The 
use of real-life applications when teaching trigonometry could make the subject area meaningful to 
students, but the author admits that it is not easy at all times. The participants might also have had 
limited exposure to practical applications of trigonometry during their own teacher training 
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period. Another reason could be that teachers put minimum effort in knowing the practical 
applications as such concepts are usually not examined during the end-of-the-year examinations. 

Some participants (5 out of 12) used different teaching strategies during teaching of 
trigonometry, but most participants mainly depended on the lecture method. The use of different 
strategies of representations involves the methods and techniques that teachers utilize in 
demonstrations and descriptions to assist students in comprehending the trigonometrical concepts 
(Şahin et al., 2016). Participant 5A utilised explanations, and questions and answers as her teaching 
strategies. She gave students activities and then moved around assisting students who attempted 
the activities on their own. After 15 minutes she said “stop writing, let us mark the work. You will 
be telling me and I will be writing on the smart board”. Teachers may prefer to use the lecture 
method as compared to the other methods because of the convenience it offers in terms of the 
overloaded annual teaching plan. By using the lecture method, more content can be covered in a 
short time. Another reason why the lecture method may be preferred could be as a result of how 
they were taught when they were still students at school or they might not have the desired level 
of knowledge of instructional strategies. 

Nevertheless, all 12 participants created moments during which students could explain how 
they understand the trigonometric concepts. Participant 2A, in both his observed lessons, said to 
the students: “Please work with the person you are sitting with”. Then, he continued: “if yourself 
and your neighbour don‟t understand, move around the room and find someone to help you”. At 
times participant 4B allowed students to explain in their home language. In one of the lessons she 
stated: “Kutlano please explain you answer, you can use your home language, I don‟t want 
language to be a barrier here”. Participant 5C also created opportunities for students to share their 
knowledge by urging students to give their different views. The finding indicates that teachers, 
who are able to create classroom environments of sharing knowledge in trigonometry, may create 
opportunities to clarify questions being asked. This finding is in agreement with Gür (2009) 
claiming that students‟ mathematical ability and confidence are enhanced, and their 
understanding of mathematical concepts improve if students are provided opportunities to explain 
to each other. 

From this discussion, it could be inferred that partly sufficient KTS manifests itself during 
teaching of trigonometry. Participants in this study have diverse experiences. Some participants 
might consider it appropriate to focus on one teaching strategy that produced good student 
understanding in the previous years. Others might be uncomfortable with trying new strategies 
due to the pressure of trying to finish the syllabus. Şahin et al. (2016) also acknowledged that 
teachers in general, do not have the desired level of KTS. 

KSC of participants during the teaching of trigonometry was ascertained if participants could 
address students‟ misconceptions and ways of thinking about trigonometry problems (Şahin et al., 
2016). Moments where teachers enhanced students‟ understanding of trigonometric concepts by 
identifying and correcting misconceptions were identified in only few of the observed lessons (2 
out of 24). Participant 3A attended to a misconception during her lessons when a student had 
written co-ordinate (3; 4) in the third quadrant. Participant 3A asked: “How is x and y in the third 
quadrant?” She further stated: “Please be careful with this. You cannot have positive values in the 
third quadrant”. This participant could also recognise students‟ ways of thinking about the 
concepts, which was evident from the questions she was asking as indicated in the Vignette 3. 
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Vignette 3 
Engagement with Students’ Ways of Thinking by Participant 3A 
Participant 3A: What is the answer to question 2a? 
Students: -22 
Participant 3A: Correct, but I want someone to explain the steps for the working? 
Participant 3A: Yes, Student 1 
Student 1: I used Pythagoras                

                                                                
            I then substituted to get -22 

Participant 3A: Any comments about the value of x? 
Students: It‟s correct 
Participant 3A: We are in which quadrant? 
Students: Third quadrant. 
Participant 3A: How is x in the third quadrant? 

Student 2: aaaa…hhh       
Participant 3A: Yes, though the answer was correct it was not acceptable because the x-value was wrong. 

 

In addition, participant 5B wrote a trigonometric fraction on the white board and she wrote it 
with some working as shown in Vignette 4. She then asked the students to comment on the 
correctness of the working. 

Vignette 4 
Addressing a Misconception in Solving a Trigonometric Fraction by Participant 5B 

 
Student 1: Ma‟am it is correct, because we get to the right hand side. 
Participant 5B: Do not cancel like the way it is done on this working. You must follow the following steps. 
1st step: apply double angle formula……….. It‟s correct 
2nd step: use difference of 2 squares to factorise 
3rd step: cancel (         )”  
Student 2: Does it matter how I arrive at the answer? 
Participant 5B: Please be on the lookout, correct answer from a wrong working, its wrong  

 

As only few participants showed evidence of addressing students‟ misconceptions and 
discussing students‟ ways of thinking, it could suggest that partly sufficient KSC manifests itself 
during teaching of trigonometry. According to Halim and Mohd Meerah (2002), teachers‟ 
knowledge of students‟ misconceptions is a result of the level of their content knowledge. 

KC was evident as all participants could link trigonometric concepts vertically with those 
covered in the previous grades or signify to concepts to be covered in future grades during their 
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teaching. For example, participant 1B made the following statement in lesson observations as 
shown in Vignette 5. 

Vignette 5 
Linking Trigonometry Vertically by Participant 1B 

Participant 1B: This result reminds you of what you did in grade 10. 
Students:                     

 
Participant 5B gave a classwork example to his students as illustrated in Vignette 6. To simplify 

the numerator the students had to apply the reduction formulae, which was done in grade 11, and 
to simplify the denominator the students had to apply the compound formula, which was done in 
grade 12. 

Vignette 6 
Linking Trigonometry Vertically by Participant 5B 

 

 
In addition, participant 6A linked solving a trigonometric equation with factorization in algebra 

as shown in Vignette 7. 

Vignette 7 
Connecting Trigonometry with Other Topics by Participant 6A 

Participant 6A: factorize, the same way you factorize in algebra             
                    
                     

          
 

 
      n/s 

Then use general solution formula for         
 

The reason why participants considered the vertical curriculum in their classwork examples 
might be as a result of teaching different grades. This finding is aligned with Correa et al. (2008), 
who found that the Chinese teachers could connect the content of different grades because they 
teach the same subject to different grades, while teachers in the United States of America who 
teach all subjects to the same grade could not make such connections. Unfortunately, none of the 
participants incorporated problem-solving classwork activities into their teaching of trigonometry 
although it is an important focal point of the CAPS document. The reason might be that the 
teachers instruct their students according to end-of-the-year examinations, which do not consider 
problem-solving questions, instead of giving sufficient attention to the specifications of the CAPS 
document. Therefore, it could imply that insufficient KC manifests itself during teaching of 
trigonometry. 

3.4. Elements of PCK as Manifested in Teachers’ Assessment Tasks on Trigonometry 

All 24 classwork and homework tasks (two from each participant) displayed accurate key concepts 
of trigonometry for the grade that participants used to assess their students as specified by the 
CAPS document (DBE, 2011). Participant 2B gave his grade 11 students identities as shown in 
vignette 8 to prove as a classwork task. This task is appropriate for the grade 11 students and it 
was adapted from a source that is compliant with CAPS. 
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Vignette 8 
Accurate Trigonometry Concepts in a Classwork Task by Participant 2B 

 

 
This finding indicates that teachers are aware of and knowledgeable about setting of assessment 

tasks in trigonometry. Thus, sufficient KSM manifests itself in teachers‟ assessment tasks on 
trigonometry. 

All the participants also used appropriate assessment tasks for the grade they assessed and 
these activities were set according to the assessment guidelines for the topic of trigonometry, as 
stipulated in the CAPS document (DBE, 2011). However, most of these tasks were set from 
examples in textbooks and past examination papers, which did not cater for problem-solving or 
real-life related assessment tasks as suggested in the CAPS document. Wong and Kaur (2015) 
recommended that teachers must not only select appropriate assessment tasks, but also assess 
students‟ higher order knowledge, which can be achieved by using real-life problems. Therefore, it 
can be inferred that partly sufficient KTS manifests itself in teachers‟ assessment tasks on 
trigonometry. 

Only few participants (4 out of 12) showed evidence of an awareness of the challenges that 
students may encounter when engaging with a trigonometry assessment task by providing 
differentiated tasks. For example, participant 1A stated: “the progressed students must only do 
questions 10.1 and 10.2. The other students you can do the work up to question 10”. Participant 6A 
also requested the following concerning a classwork: “Please you can only do exercise 2 if I have 
marked your answers for exercise 1”. However, a reason why teachers give the same classwork or 
homework tasks to all students could be as a result of their former teacher training 
overemphasizing inclusivity above differentiation between slow and fast students. This finding 
shows that partly sufficient KSC manifests itself in teachers‟ choice of assessment tasks on 
trigonometry. 

All 24 classwork and homework tasks scrutinized included a full range of trigonometric topics 
and interconnected with the goals, key ideas and the resources available in relation to these topics 
as stipulated in the CAPS document (DBE, 2011). The contents of these assessment tasks also 
linked vertically with subject content covered in previous grades. For example, participant 2B 
asked his grade 11 students to prove the identity in Vignette 9. To prove this identity, the students 
had to apply the identity for tan x, which they had done in grade 10. 

Vignette 9 
Assessment Task of Participant 2B Linking Trigonometry Vertically 

  

 
However, as much as the participants taught students to gain knowledge, they also assessed 

students to pass the examinations. Many teachers may focus heavily on examinations in their 
teaching because of the conflicting demands of mandated common assessments advocated by 
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DBE. Therefore, it can be inferred that partly sufficient KC manifests itself in teachers‟ choice of 
assessment tasks on trigonometry. 

4. Discussion 

A discussion of the findings on how PCK on trigonometry manifest itself in teachers‟ practice 
across the data collection methods follows next. Specifically, the findings regarding the four 
elements of PCK ascertained from the results, namely KSM, KTS, KSC and KC, are considered. 

4.1. Knowledge of Subject Matter 

KSM involved participants‟ understanding of the trigonometrical concepts and the procedures of 
unpacking them for the comprehension of the students (Walsh et al., 2017). The category KSM had 
three sub-categories: (1) keys concept indication; (2) indication of procedures; and (3) reflection of 
concepts and procedures. 

The findings indicate that participants are aware of the key trigonometric concepts. Many 
participants displayed conceptual understanding of key trigonometric concepts during teaching 
and in their assessments. Also, all the assessment tasks of participants displayed accurate 
trigonometry concepts for the relevant grades. This finding is consistent with Ball (2000), who 
found that teachers with deep conceptual knowledge of a mathematical topic, for example, 
trigonometry equations, are able to present the content to their students in different ways. 
However, Walsh et al. (2017), found that the sample in their study had some gaps in their 
understanding of trigonometric concepts. The understanding of the fundamental trigonometric 
concepts by the participants may be a result of their teaching experiences supported by well-
constructed teacher training programs (Aydin et al., 2014). 

Most of the participants displayed a sound knowledge of procedures with respect to the topic of 
trigonometry. This finding is in agreement with Rittle-Johnson and Schneider (2014) arguing that 
teachers must have an all-inclusive conceptual and procedural knowledge of the concepts of 
trigonometry to be effective. Also, the participants‟ lesson plans were done on a prescribed 
template of the DBE and showed clear indications of procedures to be followed. The findings 
could indicate that mathematics teachers appreciate the centrality of the lesson planning process 
and that lesson planning is a core pillar of their teaching practice, which they believe defines good 
teaching. 

However, very few participants noticed students‟ alternative methods. No participant drew a 
concept map. The participants only gave explanations of the sequence of the concepts they were 
going to teach. Thus, their understanding of a concept map was of a linear order of how the 
concepts would be tackled. A possible reason could be that participants believe that mastering of 
only one method may reduce confusion among the students. This finding aligns with Aydin et al. 
(2014) considering this approach of only using one method as common with teachers who do not 
want to share the responsibility of constructing ideas with their students. Though, Baumert et al. 
(2010) indicate that the breadth and depth of teachers‟ conceptual understanding shape alternative 
representations and explanations that may result in the use of alternative measures. 

Regardless of the drawback in terms of poor noticing of students‟ alternative methods and not 
using concept maps to teach trigonometry, the findings revealed that most participants have 
sufficient KSM of FET trigonometry. Therefore, it can be concluded that KSM on trigonometry 
manifests itself sufficient in teacher practices. 

4.2. Knowledge of Teaching Strategies 

KTS involved the approach that participants used in their teaching as they described, 
demonstrated, and unpacked the trigonometric concepts for the maximum comprehension of the 
students (Şahin et al., 2016). While Holtman et al. (2018) encourage teachers to use student-
centered strategies to accommodate more students in their teaching, the researcher found that 
most participants from LP schools used teacher-centered approaches. By focusing teaching on 
helping students to memorize concepts, might result in learning trigonometry without conceptual 
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understanding. Teachers could have some knowledge of the teaching strategies to use to teach 
trigonometry, but those from the LP schools still need to be encouraged to use more student-
centered approaches than teacher-centered approaches. 

Although all 24 lesson plans in this study contained teaching strategies of trigonometry, and 
many had examples, only half of the lesson plans from the LP schools showed evidence of 
reflections on alternative strategies. The teachers from the HP schools could be cognizant of the 
differences in their students‟ abilities and thus utilize alternative strategies, while the teachers from 
the LP schools might consider their students to be at the same performance levels. 

With regard to the use of different strategies of representations, it was found that less than half 
of the participants used different teaching strategies. A reason why the participants preferred to 
only use certain teaching strategies could be that they have diverse experiences. Some might 
consider it appropriate to focus on one teaching strategy that produced good student 
understanding in the previous years, while others might be uncomfortable with trying new 
strategies due to the pressure of trying to finish the syllabus. This finding is in agreement with 
Şahin et al. (2016) acknowledging that teachers in general, do not have the desired level of 
knowledge of teaching strategies. 

All 12 participants used appropriate activities in their teaching and assessments with regard to 
the grade being taught; and the activities were aligned with curriculum requirements. However, 
real-life examples were not used during teaching and assessing trigonometry. This finding does 
not align with Mutodi and Ngirande (2014), who established that participants in their study used 
concrete materials or real-life examples in mathematics to link the mathematics taught in the 
classroom with mathematics in the real world. According to Law et al. (2015), the use of real-life 
applications of trigonometry enhances students‟ understandings of the connection of ideas within 
mathematics and links between mathematics and other subjects. This finding could indicate that 
though it is important to link the teaching of trigonometry to the real world, participants do not 
find it easy to apply relevant real-life applications in their teaching. However, Wong et al. (2012) 
argue that for teachers to develop higher order knowledge, they need to use real-life related tasks 
to advance students‟ critical thinking skills. 

Although participants used appropriate and correct activities during teaching and for 
assessment tasks, they lacked using sufficient alternative strategies or real-life related examples. 
This finding therefore indicates that KTS on trigonometry manifests itself partly sufficient in 
teachers‟ practice. 

4.3. Knowledge of Students’ Conceptions 

KSC involved the participants‟ understanding of the students‟ prior knowledge, mistakes or 
misconceptions, and learning difficulties about trigonometry (Şahin et al., 2016). The 
commonalities between the participants were evident in five areas: (1) stating of goals of lessons; 
(2) awareness of prior knowledge; (3) limited addressing of misconceptions; (4) assistance of 
students with difficulties; and (5) lack of reflection on student difficulties. 

All participants indicated an awareness of the pivotal role of having a goal for each of their 
lessons and all their lesson plans had clearly stated goals of what they had envisaged to teach. This 
finding is consistent with Olteanu (2017) claiming that there should be a connection between the 
lesson plan and the intended goal of the lesson to be presented. The trigonometry content, the 
teaching strategies, and the context included in lesson plans must align with the goals of the 
lesson. Thus, teachers must have KSC to ensure that the trigonometric content selected in lesson 
plans pitches at the level of students‟ comprehension. 

Several lesson plans had evidence of teachers‟ reflection on students‟ prior knowledge. This 
finding could indicate that some teachers might be aware of baseline concepts that can be used as 
prior knowledge to introduce new trigonometry lessons. Therefore, teachers‟ KSC should be 
developed as students‟ prior knowledge lays the base for their future learning (Campbell et al., 
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2014). Also, teachers with good KSC are able to address misconceptions, which students could 
have extended to new subject content in trigonometry as a result of past learning difficulties. 

Although none of the lesson plans included any difficulties students could experience with 
regard to new content, the researcher was skeptical to put too much weight on the lesson plans. 
The researcher acknowledges that lesson plans are written by the same teachers who use them and 
that lesson plans do not fully account for what is taught in a classroom. Many experienced teachers 
may teach some subject content instinctively in the classroom without including it in their lesson 
plan. Nevertheless, most participants preferred using extra classes as a way of assisting students 
with difficulties rather than other approaches, such as alternative teaching strategies or peer-
assistance. Also, most of the lesson plans excluded possible misconceptions students might 
encounter with the content to be covered. Only two participants could address student 
misconceptions, displayed expectations according to the students‟ performance, and discussed 
students‟ ways of thinking. This finding might indicate that the participants have insufficient KSC, 
especially in the light of Wilson et al. (2005) recommending that teachers should have an extensive 
knowledge of the students they are teaching to ensure good teaching. 

Although most lesson plans included assessment instruments, they were predominately 
restricted to classwork and homework taken from the textbook or past examination papers. 
Classwork and homework are teacher-assigned assessments, which cater for procedural 
understanding by allowing students to practice, reinforce, and to consolidate the trigonometry 
content taught in class (Kaur, 2011). The finding could indicate that participants are not aware of 
other assessment instruments such as investigations or projects that are more student-centered and 
which allow for enhancement of conceptual understanding. 

In precis, all the participants in the study were able to state goals for their lessons, and many 
were aware of the important role prior knowledge plays in teaching new trigonometry content. 
However, participants did not indicate any learning difficulties students might experience with 
trigonometric content and predominantly utilized extra classes as an approach to assist students 
with learning difficulties. Also, most participants were not aware of the misconceptions in 
trigonometry and used teacher-centered assessment instruments. Subsequently, it can be inferred 
that KSC on trigonometry manifests itself partly sufficient in teachers‟ practice. 

4.4. Knowledge of Curriculum 

KC referred to the participants‟ understanding of the range of mathematical topics that are 
included in the curriculum and how they are connected to trigonometry (Appova & Taylor, 2020). 
There were four commonalities between the participants: (1) linking of trigonometry with other 
topics; (2) non-use of real-life examples; (3) linking trigonometry vertically; and (4) fitting 
trigonometry into the curriculum. 

While Prescott et al. (2013) indicated that effective teachers should display, among others, a 
mastery of KC, the researcher found that slightly more than half of the participants were able to 
connect trigonometry to algebra. No connections were made to other disciplines. Only a few 
participants could fit trigonometry into the curriculum, but tended to compartmentalize certain 
topics in trigonometry. No horizontal connections made between topics were evident. However, 
all the participants were able to link trigonometry vertically, especially by linking new 
trigonometry concepts with the concepts covered in the previous grade and the next grade. This 
finding is inconsistent with Aydin et al. (2014) claiming that effective teaching involves teachers 
being aware of the sequencing of concepts; and having knowledge of a rich repertoire of the 
horizontal and vertical connections between mathematics content. This finding could indicate that 
the curriculum is silent about linking trigonometric topics across different disciplines although 
trigonometry is applicable for instance in Physics when resolving forces; and in Geography when 
calculating bearings. 

While Law et al. (2015) revealed that the use of real-life applications by teachers assist students 
to relate mathematics with other subjects, the researcher found that most of the participants did 
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not use real-life applications in their teaching of trigonometry.. The participants might have 
focused too much on procedural knowledge included in past examination papers, without paying 
attention to application questions that could enhance conceptual knowledge. Correa et al. (2008) 
also found that teachers attempt to align their daily assessments to the way past examination 
papers are set and do by not including real-life related assessments. Therefore, this finding may 
infer that KC on trigonometry manifests itself insufficient in teachers‟ practice. 

5. Conclusion  

Although trigonometry offers students the opportunity to develop reasoning skills, many teachers 
find it difficult to teach due to their levels of PCK. This study established how PCK on 
trigonometry manifests itself in teachers‟ practice. The elements of PCK on trigonometry 
manifested in teacher practices varied from one another in terms of levels of sufficiency as follows: 
(1) KSM manifested itself sufficient; (2), KTS manifested itself partly sufficient; (3) KSC manifested 
itself partly sufficient; and (4) manifested itself insufficient. 

Teachers are aware of the importance of the knowledge of mathematical topics in trigonometry, 
but these topics could be emphasized more in their teaching. Students should also be showed how 
to use visual representations such as concept maps to relate topics with each other. Teachers 
should also not only focus on students‟ procedural knowledge, but also on their conceptual 
understanding of trigonometry topics. 

Teachers need to cultivate in students an appreciation for the relevance of learning mathematics 
through using real-life examples and practical applications of trigonometry concepts during the 
learning process. They should share alternative teaching strategies of teaching trigonometric 
topics, which include student-centered approaches, with other teachers in order to elicit students‟ 
conceptual understanding. 

Teachers need to be sensitized about the importance of identifying students‟ misconceptions in 
their learning of trigonometry reflecting more on students‟ difficulties. Teachers could benefit from 
in-service training and how to use examination papers as a source for assessment to develop KSC. 

Lastly, teacher education programs should show pre-service teachers how trigonometry fits into 
the mathematics curriculum, how to infuse real-life applications in different trigonometric topics, 
and also how to link trigonometric content with other topics. Such training will give teachers 
confidence to teach mathematics when entering the teaching profession. Teachers also need 
guidance not only on how to link trigonometric topics vertically across different grades, but also 
horizontally with other mathematics topics. 

This study focused on a small sample of six township schools from one district in Gauteng, 
South Africa. Different trends may have occurred in other educational contexts. This study also 
concentrated on how the elements of PCK on only one mathematics section relate to the MKT 
model, namely trigonometry. Thus, the generalization of findings to other mathematics sections, or 
even other subject disciplines, must be treated with caution. Other PCK models may also be 
investigated. A follow-up longitudinal study is recommended to monitor teachers‟ PCK 
development over a period of time. As the study mainly produced qualitative data, quantitative 
data may assist in measuring the level of PCK teachers possess in more depth. 

Many questions encountered, but outside the scope of this study, may be of interest for further 
research. For example: Why do some teachers not use alternative strategies for teaching 
trigonometry? Why are topics in trigonometry compartmentalized within the curriculum by some 
teachers? Why do some teachers fail to make horizontal connections between topics? Why when 
trigonometry is so very useful in the sciences, do some teachers not include real-life tasks? Do 
teachers believe that mastering only one method to teach trigonometry will reduce confusion? 

This study adds to few studies in PCK in mathematics by providing empirical evidence on how 
PCK on trigonometry manifests itself in teachers‟ practice. The revealing of different levels of 
sufficiency between the elements of PCK manifested in teachers‟ practice may form a useful basis 
for the planning of developmental opportunities to address shortcomings in PCK on trigonometry 
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in teachers‟ practice. This study also offers an adaption of the MKT model that can be used not 
only to analyze PCK in mathematics in general, but also topic-specific PCK. In addition, this study 
creates an awareness of the importance of using real-life applications in the teaching of 
trigonometry, which fosters an appreciation for the relevance of mathematics. Lastly, this study 
creates a platform for large-scale research on teachers‟ PCK development pertaining to 
trigonometry or any other mathematics section. 
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